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Abstract 
A set T is a covering set of a set system F if T n F # 8 for all F E F. We present inequalities for 
covering sets that are minimal under inclusion. As an application, we improve some old results 
of Erd& and Lovkz concerning the number of edges in a hypergraph critical with respect to 
matching number. 
Un ensemble Test un transversal d’une famille F d’ensembles si T n F # 8 pour tout FE F. 
Nous prouvons quelques intgalitts pour les transversaux qui sont minimaux par inclusion. 
Comme application de nos thkortmes nous obtenons une am&oration d’anciens rksultats 
d’Erdiis et Lo&z sur le nombre d’arCtes dans les hypergraphes couplage-critiques. 
I. Introduction 
A set T is said to be a covering set or a transversal of a set system F if T n F # (8 
holds for all FE F. The main concern of this paper is to study extremal properties 
of transversals minimal under inclusion. The collection of those minimal T will be 
denoted by Z’(F). We derive inequalities for T(F) and apply them to improve 
theorems of Erdds and Lov6sz [l, 43 on set systems critical with respect to matching 
number. 
Here we use the term hypergraph for a finite set system F with all FE F beingjinite 
and non-empty. The sets FE F and the elements of the set V(F) := lJFEF~ are called 
edges and vertices, respectively. The rank of F is max { 1 F 1 1 FE F}, and F is r-uniform if 
1 F) = r holds for all FE F. The matching number v = v(F) is the maximum number of 
mutually disjoint edges in F. The hypergraph is said to be matching critical or v-critical 
if for every FE F and every x E F there is a maximum matching disjoint from F\(x) 
(i.e., replacing an edge by any one of its proper subsets, the matching number 
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increases). Call F k-intersecting (k > 1) if IF n F’I 2 k for all F, F’ E I;; “l-intersecting” 
is simply called “intersecting”. 
The structure of v-critical graphs is characterized by the results of Gallai [2]. It 
turns out that each connected component of such a graph is factor critical (i.e., 
deleting any one of its vertices, the remaining graph has a perfect matching). In 
particular, a v-critical graph G has at most v(G)*(2v(G) + 1) edges and, on the other 
hand, this upper bound is best possible in general as it is attained in complete graphs 
of odd order. 
For r > 3, only some weaker estimates on 1 F 1 are known. Erdos and Lovasz [l] 
proved (in a slightly different form) that intersecting v-critical hypergraphs of rank 
r have at most r’ edges. This result was generalized by Lovasz [4], showing that 
(FI d (vr)’ holds when the assumption “intersecting” is replaced by “v(F) = v”. An 
alternative proof of these theorems, using the concept of minimal transversals, was 
given by Gyarfas [3]. Combining his approach with some new ideas, here we prove 
the following stronger result. 
Theorem 1.1. If F is a v-critical hypergraph of rank r 2 3, v(F) = v, then 
(FI < (1 - e-l + E,)(vr)*, (1) 
where E, is a real, 0 < E, < e- I, such that E, + 0 as r + co . 
This result will be deduced from some inequalities involving T(F). In order to 
formulate the two strongest ones, we fix an arbitrary edge F, E F and define 
T(i):= (TE T(F) 1 1Tn F,, = i} 
for i = 1,2, . . . , r. Then the following two inequalities are valid. 
Theorem 1.2. If a hypergraph F has rank r, then 
Theorem 1.3. If F is a k-intersecting hypergraph with rank r, then 
for every i, 1 < i < IFoI. 
(3) 
In a weaker version of Theorem 1.2, which is interesting on its own as well, we can 
also describe the extremal hypergraphs. 
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Theorem 1.4. If a hypergraph F has rank I, then 
c r -ITI < 1. 
TE T(F) 
Equality holds if and only if F is r-uniform and its edges are mutually disjoint. 
(4) 
Corollary 1.5 (Gyarfas [3, p. 571). The number of minimal transversals ojcardinality at 
most t in a hypergraph of rank r is at most r’. 
Some related problems are mentioned in Section 4. 
2. Inequalities for minimal transversals 
In this section we prove Theorems 1.2-1.4. Throughout, T stands for T(F). Since the 
rightmost inequalities in (2) and (3) are immediate consequences of the rank assump- 
tion, we only have to consider the leftmost inequalities there. Note further that 
T = T(1) u .. . u T(r), therefore (2) implies (4). 
Proof of (2) and (4). We apply induction on IFI and r. If r = 1 or JFI = 1, then the 
assertions are obvious. 
If there is a vertex x contained in all edges of F, then T = {{x)} u T(F - x), where 
F-x:= {F\{~}JFEF}. W e now apply the induction hypothesis for F - x, starting 
with F,\(x) instead of FO. Since F - x has rank r - 1, we obtain 
1 (r-l)-ITI+ 1 z<icrTzCiji(r- l)P’TI~(IF~l - l)l(r- 1) 
TE T(i)\{{x}1 \ . 
and, therefore, in view of r ~ I Ti < (1 - r - ‘)(r - 1) _ I TI for all T # 0, 
(5) 
c r-IT1 + C C ir-lTI < IFOI/r - r-l. 
TE W)\{{x}I 2 < i < r TE T(i) 
The term corresponding to {x} on the left-hand side of (2) is equal to r-l, thus the 
theorem is proved if nFEFF # 0. 
Hence, suppose that no vertex meets all edges of F. For every XE F,, set 
F/X:= {FEFJ.x$F} and T-X:= {T\{ x XE TE T}. The set systems Fjx are non- }I 
empty, none of them contains F,,, and it is easily seen that each set 
T’ = 71(x} E T - x is a minimal transversal of F/x. Since 1 F/x I < 1 FI (and of course 
F/x also has rank at most r), induction by (4) implies 
for every x E FO, i.e., 
C r-IT1 < r-l. 
XETET 
(7) 
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Summing up (7) for all x E F,,, each TE T(i) occurs precisely i times on the left-hand 
side, while the right-hand side yields the upper bound of IFo(/r, as required. 
Proof of (3). Let Y be an i-element subset of Fe. Define F/;/r:= (F\Fo 1 FE F, 
F n Y = @} and T - Y:= { r\Y 1 TE T(i), Tn F. = Y}. Each TE T(i) corresponds to 
precisely one set in uy T - Y, and one can also observe that the sets T\ YE T - Y are 
minimal transversals of F/ Y. Since F is k-intersecting, F/Y has rank at most Y - k, and 
of course 1 T\ Y 1 = I TI - i. Thus, (4) implies 
c (r- k)‘-lr’< 1 
Y c 7-E T(i) 
(8) 
for every fixed Y. Summing up (8) for all i-element subsets Y of Fo, (3) follows. 
Equality in (4). The “if” part is obvious, since t disjoint edges of cardinality r have 
precisely r” minimal transversals (containing one vertex of each edge). Hence, suppose 
that equality holds in (4). Then, by (2), F has to be r-uniform (since F. can be chosen 
arbitrarily). We prove by induction on IFI and r that the edges of F are mutually 
disjoint. 
If XE F for all FE F (for some x E V(F)), then (5) as well as (6) must hold with 
equality. Therefore, (r - l)-ITI = (1 + (r - l)-‘)r -ITi for every TE T\{ {x} >, i.e., 
each TE T has precisely one element. Consequently, IFI = 1. 
Suppose that the edges of F have an empty intersection. If there is an edge F disjoint 
from all F’E F\(F), then we choose F,:= F. In this case F/x = F\{F > for every x E F, 
therefore F\(F) has to be a matching, by the induction hypothesis (since equality 
must hold in (7)), and consequently F is a matching, too. 
From now on we suppose that every FE F meets some other F’ E F, and FJx is 
non-empty for every XE V(F). Then F/x is a matching, since (7) holds with equality. 
We are going to prove that each F/x consists of just one edge. Suppose on the contrary 
that F’, F” E FJx. Take any F meeting F’. Then F”\F # 8 since Fis r-uniform. For any 
YE F”\F, however, Fly contains the non-disjoint edges F and F’, a contradiction. 
In this way we obtain not only that IF/xl = 1 but also that F is an intersecting 
hypergraph, for otherwise taking two disjoint edges F’, F”E F and some F meeting F’, 
we would have the same contradiction as above. Let now XE F E F, Ffx = {F’), and 
choose any y E F n F’. Then the 2-element set {x, y} c F is a minimal transversal of F, 
therefore putting F,:= F we obtain that (x, y} E T(2). Thus, by (2), the right-hand side 
of(4)isatmost 1 -r-‘. This final contradiction completes the proof of Theorem 1.4. 
3. Matching-critical hypergraphs 
We derive Theorem 1.1 from inequalities (2) and (3). Let F be a v-critical hypergraph 
of rank r, v(F) = v. Define H as the hypergraph of rank at most vr with edge set 
Hz= {F, u ... u F,I{F1, . . . . FY} is a matching}. 
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By the v-critical property of F, each edge F EF is a minimal transversal of H. Let us 
observe further that H is v-intersecting. Indeed, if H = F, u ... u F, and H’ E H, then 
each Fi (1 d i < v) intersects H’ in a distinct vertex, by the maximality of v and by the 
disjointness of the Fi. 
Taking an arbitrary Hoe H, and setting F(i):= (F EF) ) F n Ho( = i), we have 
F= F(l)u ... u F(r). Moreover, since 1 H 1 < VI and (F ) < r for all HE H and all FE F, 
applying (2), we obtain 
1 <~<,Wi)l d b-1 (9) 
. . 
and from (3) we can also deduce 
IF(i)1 d (vr)*(l - r-‘)‘-‘/i!. (10) 
Suppose that IF( = c(w)‘. Then, by (lo), c can be written in the form 
c = cl + c2 + . . . + c,, where 
ci = (1 - r-l)‘-‘/i! for 1 < i < t - 1 
and 
0 < c, < (1 - Fly/t!. 
Since the theorem obviously holds in the case t = 1, we assume t 3 2. One can see that 
c1 > c2 > ... > c,. Hence, taking (10) into account, (9) implies 
Cl + 2c2 + ... + tc, ,< 1. (11) 
Note further that c1 = (1 - r-r)r-r and 
ci+l = rcJ((r - l)(i + 1)) for 1 < i < t - 2. 
Thus, (11) is equivalent to 
cl + (1 + (r - l))‘)(cr + ... + cze2) + tc, < 1, 
c1 + (1 + (r - 1))‘)(cr + ... + c,) + (t - 1 - (r - 1))‘)c, 
< 1 + (1 + (r - l)-‘)c,-,; 
therefore, the assumption t 3 2 yields 
cl + (1 + (r - 1))‘)~ d 1 + (1 + (r - l)-l)cr-l, 
c Q (1 - r-‘)(l - cl) + c,_i. (12) 
If t tends to infinity with r, then ct_l + 0 and hence c < 1 - c1 + o(l) = 1 - e-l 
+o(l)asr+co. On the other hand, if t is fixed, then 
c=cr + ... + c, < C (1 - r-I)‘-‘/i! 
l<i<t 
< (1 - r-l)ret C l/i! 
14i<t 
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< (1 + (r - l)-‘)‘(l - r-l)* C l/i! 
i>O 
< (1 - e-‘)(l + (r - 1)-l)’ 
and this upper bound tends to 1 - e- ’ as I --) cc . 
We note that the upper bounds on c can easily be shown to be smaller than 1 - 6 
for some fixed 6 > 0. Indeed, if t d 2, then c < cl + c2 < 7/9 (by r > 3), while for 
t >/ 3, (1 - r-‘)(l - ci) + ctml < (1 - r-‘)(l - cl) + c2 = (1 - r-‘)(l - cl) + 
clr(2r-2)-‘<l-r-’ - cl/12 < 1 - (12e)-’ for r 2 4, by cl > e-‘. Finally, for 
r = t = 3 we have cd (1 - r-‘)(l - cl) + c2 = (2/3).(5/9) + l/3 = 19/27 < 1. 
4. Concluding remarks 
4.1. Sharpness of Theorem 1.1 
It remains an open problem to find an asymptotically best upper bound on [1;1, 
where F is a v-critical hypergraph of rank r, v(F) = v. For v = 1, the following 
construction of size r ! 11 G i G r l/i ! z (e - l)r! was given by Erdos and Lovasz [l]. 
Take r disjoint sets Xl,...,Xr, IXil = i, and let F:= Ul~i$r{FIXicF, 
1 F n Xj\ = 1 for i < j d r>. As Lovasz [4] observed, replacing the assumptions 
“lXi[ = i” and “Xi c F” by “IXi( = v + i - 1” and “1 Xi n F ( = i”, respectively, we 
obtain a v-critical hypergraph F with v(F) = v. It is tempting (though perhaps too 
brave) to conjecture that these constructions provide hypergraphs with maximum 
numbers of edges. It is very likely, however, that (FI grows much more slowly than rr 
(or than (VT)*). 
4.2. Largest number of vertices 
Beside (PI, one can also investigate the growth of ) V(F) 1 as a function of r and v. 
Denoting the maximum by f(r, v), an open problem raised in [4] is whether 
f(r, v) < cv for some constant c = c(r), for every fixed r. The known results are rather 
too far from this inequality, however, and even the exponent r in the upper bound of 
O(V) has not been improved since the paper of Lovasz. Perhaps the methods of [S] 
will be useful in this direction. For instance, in order to prove ) V(F)\ < O(vr- '), it 
would suffice to show that if F is v-critical with rank r and Y c V(F) is a set meeting 
each edge of F in at most one vertex, then I YI < O(v*- ‘). 
So far, the best general estimates onf(r, v) are published in [S]. (For the intersecting 
case, v = 1, the upper bound has been improved in [6].) It is worth noting that the 
value off(r, 1) is known within the accuracy of a multiplicative constant independent 
of r. Moreover, for r = 2,f(2, v) = 3v follows from the results of Gallai [2]. For larger 
r, however, it is not even known whether or not f(r, 2) > 2f(r, 1). (Certainly, the 
inequalityf(r, v) > vf(r, 1) always is valid.) 
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4.3. Equality in (2) 
Contrary to (4), the extremal structures for Theorem 1.2 are of many different types, 
even if F is supposed to be r-uniform. Beside matchings (where T(F) = T(1) holds for 
any choice of Fe), we give two further constructions below. 
Example 1. Let IX 1 = r + 1, and let F consist of the r + 1 r-element subsets of X. 
Then T(F) = { { x, x’> c X 1 x # x’}, ( Tj = 2 holds for every minimal covering set T, 
and for an arbitrarily chosen F,, we have 1 T(1) 1 = r and 1 T(2)) = r(r - 1)/2. Hence, 
equality holds in (2). 
Example 2. Let (XJ=r2, X={xijI1<i<rr, OGjjr-1}, and set F={Fo, 
F ~,...,F,},whereF,={xi,o~1~idr}andFi={xi,j~Odj~r-1)for1~idr. 
The minimal covering sets of F contain precisely one element from each Fi for i > 1, 
i.e., they have size r. Partitioning T(i) into subcollections according to the intersec- 
tions T n F, (that all have cardinality i by definition), one can see that 
I T(i) I = 
implying again equality in (2). 
Many other constructions can also be given. However, at the moment we do not 
have a simple necessary and sufficient condition for hypergraphs attaining equality in 
(2). 
4.4. Improvements in (2) and (3) 
One might guess that the strongest inequalities are obtained when FO is chosen as 
one of the smallest edges of F. This is not necessarily the case, however, because the 
subcollections T(i) of T(F) also change if we modify F,,. 
4.5. Algorithms 
It remains an open problem to find fairly sharp upper bounds on the running time 
of algorithms listing T(F). From the proof of Theorem 1.2 one can design an 
algorithm that lists all minimal transversals of F in at most ) FI 1 T(F) I p(r) steps, where 
p(r) is a polynomial of r. (We can allow some transversals to occur in the list more 
than once.) Though this bound does not seem to be tight, still it may turn out to be 
useful in further applications. 
4.6. Cross-intersecting families 
Two set systems A and B are said to be cross-intersecting if A n B # 8 holds for all 
A E A and BE B. Let us say that A is critical for B if for every A E A and every x E A 
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there is a BE B with A n B = {x}. By the definitions, if A is critical for B, then 
A c T(B). Hence, by Theorem 1.4, if B has rank Y, then 
z.4+ d l 
(4’) 
(and analogues of (2) and (3) also hold). Note, however, that A and B play different 
roles in (4’) and it looks as if the structure of B were irrelevant, since only the rank of 
B appears in (4’). Assuming that A is critical for B and B is critical for A, it would be 
interesting to find a stronger variant of (4’) which is symmetric in A and B. 
4.7. Non-2-colorable vs. v-critical intersecting hypergraphs 
Consider a hypergraph F such that no FE F contains any other F’ E F. (Set systems 
satisfying this property are usually called Sperner families. It is readily seen that every 
v-critical hypergraph is a Sperner family.) Suppose that F is intersecting but not 
2-colorable, i.e., in any partition V(F) = X u Y of the vertex set into two subsets, at 
least one of X and Y contains some edge of F. Let FE F and x E F be arbitrary. If there 
were no F’EF with F n F’ = {xl, then by the Sperner property each of the sets 
X:= F\(x) and Y:= (V(F)\F) { } u x would meet all edges of F, contradicting non- 
2-colorability. Consequently, F is v-critical. Note further that F c Z’(F) also holds. 
Observe that the construction due to Erdos and Lovasz described in Section 4.1 
satisfies all these properties, i.e., it is not only v-critical but also 3-chromatic. 
Restricting our attention to intersecting hypergraphs of rank r, it may be the case 
that some v-critical hypergraphs have more vertices than the largest 3-chromatic 
hypergraphs. A modest support for the validity of this claim is that for r b 5 the 
v-critical construction in [S] is indeed larger than the 3-chromatic one in [l] 
(although the maximality of 1 V(F)1 under the corresponding assumptions has not 
been proved for those hypergraphs). 
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